Abstract. In [1], a relative root Nielsen number N rel (f ; c) is introduced which is a homotopy invariant lower bound for the number of roots at c ∈ Y for a map of pairs of spaces f : (X, A) → (Y, B). In this paper, we obtain a minimum theorem for N rel (f ; c) under some new assumptions on the spaces and maps which are different from those in [1] .
Introduction
Let f : X → Y be a map and c ∈ Y a point. A root of f at c is a point x ∈ X that is a solution to the equation f (x) = c. Denote the set of roots by root(f ; c) and let root(f ; c) be the cardinality of that set. Nielsen root theory is concerned with for all x ∈ X.
In [7] , Yang defined a relative Nielsen number N (f ; X, A, c) for roots of relative map f : (X, A) → (Y, B) at c ∈ Y and showed that this number is a homotopy invariant lower bound of M R rel [f ; c]. Later, Brown and Schirmer presented more precise lower bound N rel (f ; c), and obtained some minimum theorems. "No local cut point" and "by passing" lie in the sufficient conditions in the minimum theorems of classical and relative Nielsen numbers. In [8] , Zhao introduced a new concept "local cut set" and showed the relation between the "no local cut set" and "by passing" conditions in Nielsen fixed point theory.
The purpose of this paper is to prove a new minimum theorem for the relative root Nielsen number N rel (f ; c) under some new assumption on the space pairs and maps which are different from those in [1] . In some case, the "by passing" condition may be replaced by "no local cut set".
The definitions for Nielsen root numbers in this paper are based on [1] .
The relative root Nielsen number
Throughout this paper, we always assume that X and Y are compact connected polyhedra, and that A and B be closed subpolyhedra of X and Y , respectively. Consider the relative of the form f : (X, A) → (Y, B), we shall denote byf : A → B the restriction of f to A. Let c ∈ Y be any point.
We recall from [5] that the root classes of f : X → Y are the equivalence classes of root(f ; c) under the following equivalence relation. Points x, x ∈ root(f ; c) are equivalent if there is a path w in X from x to Suppose K : X × I → Y is a relative homotopy, so we have the maps 
A root class that is not inessential is said to be essential and the Nielsen number N (f ; c) of roots of f at c is defined to be the number of essential root classes for f at c.
In the setting of maps of pairs, there is a modification of the concept of essential root class as follows. 
It follows easily from the definition that By definition, we know that N rel (f ; c) has the relatively homotopic invariance, and that any map relatively homotopic to f :
Local cut set
A local cut point x in X is the point at which there is a connected neighborhood U such that U − {x} is not connected. For a space X with local cut points, M R[f ] may be larger than N (f ) even if f is a deformation. Zhao, in [8] , introduces a new concept "local cut set", which is a generalization of the "local cut point". It was shown in [8] that the property of "no local cut set" played the similar role as the "by-passing".
The next lemma is a root version of [8; Lemma 3.5]. 
Then each w i is a path in Cl(X − A), and
Since
. . , m), from the assumption of the behavior of f on
where w m+1 is a path in Cl(X − A) from x 0 to x 1 . From [8, proposition 3.3], we know that Bd(A) can be by-passed in Cl(X − A), and hence there exists a path w from x 0 to x 1 such that w ∼ w m+1 . Thus,
With the same method as in the proof of the lemma, we have In [1] , the definition of sharpness is extended to maps of pairs, and say that the relative root Nielsen number
And we can establish sharpness of N rel (f ; c) only in manifold settings. Thus, we assume that X and Y are connected oriented manifolds of the same dimension. In [1] , the sharpness of N rel (f ; c) established by proving a minimum theorem where X and Y are closed oriented n-manifolds. The minimum theorem needs that A can be by-passed in X, which is an assumption frequently needed in relative Nielsen theory. This assumption can be relaxed in some sense.
The key point in the proof of minimum is to united roots in the same root class. We write this procedure as a lemma, which is based on [4, Theorem 2.4]. 
Proof. Because dimX ≥ 3, by a small homotopy, we may change homotopically w into a smooth arc w , i.e. a path without self-intersection such that w ∼ w rel {0, 1}, w ((0, 1]) ⊂ W , and
Using the tubular neighborhood of w (I) in X, there is an open subset U in X which is, up to a homeomorphism, considered as a subset of R
Take a coordinate neighborhood V of c. We may consider V as the standard united open ball in R n with c = 0 the original point. Since
where
By the well-known retraction map r : [3] ). We can extend F into a map F : X ×I → Y . As F (x, t) = c for all points (x, t) on the boundary of the extended set (
Consider the 1-slice
Notice that in V , the point c is identified with zero point 0. We may homotope F 1 to a map f defined by
With the same argument as in [4] , f is the desired map. Proof. Clearly, this theorem is trivial if the dimension n of X and Y is 1 or 0. In the following proof, we assume that n ≥ 3.
As N (f ; c) is sharp, we may assume that f has N (f ; c) roots on A. If Int(A) = ∅, then A will be an n-manifold with boundary. In this case, we claim that N (f , c) = 0. In fact, if N (f , c) 
It is clear that k z is homotopic relative A − Int A (Q) to the identity map on A with z ∈ k z (A). As root(f ; c) is finite, we may choose Q so that it does not meet root(f ; c). Thus,f is homotopic to the mapf k z with root(f k z ; c) = root(f ; c) − {z}. This contradicts to the fact that N (f ; c) is sharp.
Thus, all roots lie in
Using homotopy extension theorem, we can extend the mapf to a new f : (X, A) → (Y, B) . Using the transversality, we can deform the map relative A so that c is the regular value of f | X−A . Thus, we may assume that f has finitely many roots at c. Let x and x be two roots in X − A lying in the same class. By Lemma 3.2, there is a path α in X − A from x to x such that f (α) = 1 ∈ π 1 (Y, c). Using Lemma 4.1, we can combine the root x into x so that the map changing happens on a small neighborhood W of α((0, 1]). Because α(I) ∈ X − A, we may choose W so that it lies in X − A. Thus, the new map is relatively homotopic to f . Repeat the procedure above, we get a map so that each root class has at most one root in X − A. We still call it f .
Let y be a root of f which is contained in a relatively essential common root class. If y ∈ X − A, then there is a root z ∈ A such that y and z are in the same root class. Similarly, by Corollary 3.3 and Lemma 4.1, we can unite y into z. Thus, the result map will have N rel (f, c) roots.
Our minimum theorem is different from the Theorem 3.3 in [1] . Consider the following example. 
